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Kleene posets and pseudo-Kleene posets
Ivan Chajda and Helmut La¨nger1
Abstract
The concept of a Kleene algebra (sometimes also called Kleene lattice) was al-
ready generalized by the first author for non-distributive lattices under the name
pseudo-Kleene algebra. We extend these concepts to posets and show how (pseudo-
)Kleene posets can be characterized by identities and implications of assigned com-
mutative meet-directoids. Moreover, we prove that the Dedekind-MacNeille com-
pletion of a pseudo-Kleene poset is a pseudo-Kleene algebra and that the Dedekind-
MacNeille completion of a finite Kleene poset is a Kleene algebra. Further, we
introduce the concept of a strict (pseudo-)Kleene poset and show that under an
additional assumption a strict Kleene poset can be organized into a residuated
structure. Finally, we prove by using the so-called twist construction that every
poset can be embedded into a pseudo-Kleene poset in some natural way.
AMS Subject Classification: 06A11, 06D30, 03G25
Keywords: (pseudo-)Kleene algebra, (pseudo-)Kleene poset, strong pseudo-Kleene
poset, strict (pseudo-)Kleene poset, commutative meet-directoid, Dedekind-
-MacNeille completion, twist construction
1 Introduction
Kleene algebras, or in another terminology Kleene lattices (see [7] and [10]), are special
cases of De Morgan algebras, i.e. distributive lattices with an antitone involution satis-
fying the so-called normality condition, i.e. the identity x ∧ x′ ≤ y ∨ y′. These algebras
were also called normal i-lattices (see [10]) or quasi-Boolean algebras (by A. Bialynicki
and H. Rasiova). They are important models in the field of logic since they generalize
Boolean algebras,  Lukasiewicz algebras and Post algebras. The name “Kleene algebra”
was introduced by R. Cignoli ([7]). The case when the underlying lattice need not be
distributive was treated by the first author in [1] under the name pseudo-Kleene algebras.
In some propsitional logics the identification of disjunction with lattice join ∨ turns
out to be problematic. For example, the logic of quantum mechanics was originally
modeled by orthomodular lattices (which are special pseudo-Kleene algebras) and later
1Corresponding author, helmut.laenger@tuwien.ac.at
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on by orthomodular posets in which the existence of the join x ∨ y of two elements
x and y is guaranteed only in the case when these elements are orthogonal to each
other which means that x ≤ y′ (or, equivalently, y ≤ x′). Similar problems may occur
also in other models of non-classical logics. Hence the question arises whether results
obtained for Kleene algebras or pseudo-Kleene algebras can be generalized to posets with
an antitone involution satisfying some condition analogous to normality. In this paper
we solve this problem by investigating so-called Kleene posets, pseudo-Kleene posets and
strong pseudo-Kleene posets. We believe that these may be successfully applied in the
algebraic axiomatization of several non-classical logics. Moreover, we introduce some
kind of residuation which may be applied in fuzzy logic.
For the reader’s convenience, we recall several concepts concerning posets.
Let P = (P,≤) be a poset, a, b ∈ P and A,B ⊆ P . We write a ‖ b if a and b are
incomparable and we extend ≤ to subsets by defining
A ≤ B if and only if x ≤ y for all x ∈ A and y ∈ B.
Instead of {a} ≤ B and A ≤ {b} we also write a ≤ B and A ≤ b, respectively. Analogous
notations are used for the reverse order ≥. Moreover, we define
L(A) := {x ∈ P | x ≤ A},
U(A) := {x ∈ P | A ≤ x}.
Instead of L(A∪B), L({a}∪B), L(A∪{b}) and L({a, b}) we also write L(A,B), L(a, B),
L(A, b) and L(a, b), respectively. Analogous notations are used for U . Instead of L(U(A))
we also write LU(A). Analogously, we proceed in similar cases. Sometimes we identify
singletons with their unique element, so we often write L(a, b) = 0 and U(a, b) = 1 instead
of L(a, b) = {0} and U(a, b) = {1}, respectively. The poset P is called downward directed
if L(x, y) 6= ∅ for all x, y ∈ P . The poset P is called bounded if it has a least element 0
and a greatest element 1. This fact will be expressed by notation (P,≤, 0, 1). The poset
P is called distributive if it satisfies one of the following equivalent identities:
L(U(x, y), z) ≈ LU(L(x, z), L(y, z)),
UL(U(x, y), z) ≈ U(L(x, z), L(y, z)),
U(L(x, y), z) ≈ UL(U(x, z), U(y, z)),
LU(L(x, y), z) ≈ L(U(x, z), U(y, z)).
In fact, the inclusions
LU(L(x, z), L(y, z)) ⊆ L(U(x, y), z),
UL(U(x, z), U(y, z)) ⊆ U(L(x, y), z)
hold in every poset. Hence, to check distributivity, we need only to confirm one of the
converse inclusions. A unary operation ′ on P is called
• antitone if, for all x, y ∈ P , x ≤ y implies y′ ≤ x′,
• an involution if it satisfies the identity x′′ ≈ x.
For A ⊆ P we define A′ := {x′ | x ∈ A}. If the poset is bounded and distributive, we can
prove the following property of an antitone involution.
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Lemma 1.1. Let (P,≤, ′, 0, 1) be a bounded distributive poset with an antitone involution
and a, b ∈ P with a ≤ b and L(b, a′) = {0}. Then the following hold:
L(a, a′) = L(b, b′) = {0},
U(a, a′) = U(b, b′) = {1}.
Proof. We have
L(a, a′) = LUL(a, a′) = LU(L(a, a′), 0) = LU(L(a, a′), L(b, a′)) = L(U(a, b), a′) =
= L(U(b), a′) = L(b, a′) = {0},
L(b, b′) = LUL(b′, b) = LU(0, L(b′, b)) = LU(L(a′, b), L(b′, b)) = L(U(a′, b′), b) =
= L(U(a′), b) = L(a′, b) = {0},
U(a, a′) = (L(a′, a))′ = {0}′ = {1},
U(b, b′) = (L(b′, b))′ = {0}′ = {1}.
2 Kleene posets and pseudo-Kleene posets
Now we define our main concepts.
Definition 2.1. A pseudo-Kleene poset is a poset P = (P,≤, ′) with an antitone involu-
tion satisfying
(K) L(x, x′) ≤ U(y, y′) for all x, y ∈ P .
An element a of P is called a fixed point of P if a′ = a. By a Kleene poset we mean a
distributive pseudo-Kleene poset.
Lemma 2.2. Let P = (P,≤, ′) be a pseudo-Kleene poset. Then P has at most one fixed
point.
Proof. If a and b are fixed points of P then
L(a) = L(a, a) = L(a, a′) ≤ U(b, b′) = U(b, b) = U(b),
L(b) = L(b, b) = L(b, b′) ≤ U(a, a′) = U(a, a) = U(a)
and hence a ≤ b and b ≤ a, i.e. a = b.
Example 2.3. The poset visualized in Figure 1 is a Kleene poset which is not a lattice:
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Example 2.4. The poset (P,≤, ′) visualized in Figure 2 is a pseudo-Kleene poset which
is neither a lattice nor a Kleene poset since
L(U(a, c), b) = L(1, b) = L(b) 6= {0} = L(P ) = LU(0) = LU(0, 0) = LU(L(a, b), L(c, b)).
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Recall that a pseudo-Kleene algebra (see [1]) is a lattice (L,∨,∧, ′) with an antitone
involution satisfying the identity
x ∧ x′ ≤ y ∨ y′ for all x, y ∈ L.
A Kleene algebra (see [10]) is a distributive pseudo-Kleene algebra. Observe that a lattice
with an antitone involution is a (pseudo-)Kleene poset if and only if it is a (pseudo-)Kleene
algebra. Hence, our concepts defined above are appropriate generalizations of pseudo-
Kleene algebras and Kleene algebras as will be shown in the next section.
Example 2.5. The lattice visualized in Figure 3 is a pseudo-Kleene algebra which is not
a Kleene algebra since the lattice is not distributive:
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Example 2.6. The lattice visualized in Figure 4 is a Kleene algebra:
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3 Dedekind-MacNeille completion
In what follows we investigate the question for which posets P with an antitone involution
their Dedekind-MacNeille completion DM(P) is either a pseudo-Kleene algebra or a
Kleene algebra.
Let P = (P,≤, ′) be a poset with an antitone involution. Define
DM(P) := {L(A) | A ⊆ P},
A∗ := L(A′) for all A ∈ DM(P),
DM(P) := (DM(P),⊆,∗ )
Then DM(P) is a complete lattice with an antitone involution, called the Dedekind-
MacNeille completion of P. That ∗ is an antitone involution on (DM(P),⊆) can be seen as
follows. Let A,B ∈ DM(P). If A ⊆ B then A′ ⊆ B′ and hence B∗ = L(B′) ⊆ L(A′) = A∗.
Moreover, A∗∗ = L((L(A′))′) = LU(A) = A. We have
(L(A))∗ = L((L(A))′) = LU(A′) for all A ⊆ P,
A ∨B = LU(A,B) for all A,B ∈ DM(P),
A ∧B = A ∩ B for all A,B ∈ DM(P).
Theorem 3.1. Let P = (P,≤, ′) be a poset with an antitone involution. Then DM(P)
is a pseudo-Kleene algebra if and only if P is a pseudo-Kleene poset.
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Proof. Assume that P is a pseudo-Kleene poset. Then the following are equivalent:
DM(P) is a pseudo-Kleene algebra,
C ∧ C∗ ⊆ D ∨D∗ for all C,D ∈ DM(P),
L(A) ∧ (L(A))∗ ⊆ L(B) ∨ (L(B))∗ for all A,B ⊆ P,
L(A) ∩ L(U(A′)) ⊆ LU(L(B), LU(B′)) for all A,B ⊆ P,
L(A,U(A′)) ⊆ L(UL(B) ∩ ULU(B′)) for all A,B ⊆ P,
L(A,U(A′)) ⊆ L(UL(B) ∩ U(B′)) for all A,B ⊆ P,
L(A,U(A′)) ⊆ LU(L(B), B′) for all A,B ⊆ P,
L(A,U(A′)) ≤ U(L(B), B′) for all A,B ⊆ P.
Now let A,B be fixed subsets of P . Then
L(A,U(A′)) = L(A) ∩ LU(A′) =
⋃
x∈L(A)
L(x) ∩
⋂
y∈U(A′)
L(y) =
=
⋃
x∈L(A)
(L(x) ∩
⋂
y∈U(A′)
L(y)) ⊆
⋃
x∈L(A)
(L(x) ∩ L(x′)) =
⋃
x∈L(A)
L(x, x′),
U(L(B), B′) = UL(B) ∩ U(B′) =
⋂
x∈L(B)
U(x) ∩
⋃
y∈U(B′)
U(y) =
=
⋃
y∈U(B′)
(
⋂
x∈L(B)
U(x) ∩ U(y)) ⊆
⋃
y∈U(B′)
(U(y′) ∩ U(y)) =
⋃
y∈U(B′)
U(y, y′)
and ⋃
x∈L(A)
L(x, x′) ≤
⋃
y∈U(B′)
U(y, y′).
Hence DM(P) is a pseudo-Kleene algebra provided P is a pseudo-Kleene poset. The
converse is evident.
Theorem 3.2. If P = (P,≤, ′) is a finite poset with an antitone involution then DM(P)
is a Kleene algebra if and only if P is a Kleene poset.
Proof. According to a result by M. Erne´ ([8]), the Dedekind-MacNeille completion of a
finite distributive poset is a distributive lattice. Hence, by Theorem 3.1 the Dedekind-
MacNeille completion of a finite Kleene poset is a Kleene algebra. The converse is evident.
The Dedekind-MacNeille completion of the Kleene poset from Example 2.3 is visualized
in Figure 5:
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4 A representation by commutative meet-directoids
Now we recall the concept of a commutative meet-directoid. We will use it for the
characterization of pseudo-Kleene posets, Kleene posets, strong pseudo-Kleene posets
and strict pseudo-Kleene posets. The advantage of this approach is that we characterize
properties of posets by means of identities and quasiidentities of algebras. Hence, one
can use algebraic tools for their investigation.
A commutative meet-directoid (see [3] and [9]) is a groupoid D = (D,⊓) satisfying the
following identities:
x ⊓ x ≈ x (idempotency),
x ⊓ y ≈ y ⊓ x (commutativity),
(x ⊓ (y ⊓ z)) ⊓ z ≈ x ⊓ (y ⊓ z) (weak associativity).
If P = (P,≤) is a downward directed poset, if we define x ⊓ y := x ∧ y for comparable
x, y ∈ P and if we put for x ⊓ y = y ⊓ x an arbitrary element of L(x, y) if x, y ∈ P
are incomparable, then D(P) := (P,⊓) is a commutative meet-directoid which is called a
meet-directoid assigned to P. Conversely, if D = (D,⊓) is a commutative meet-directoid
and we define
x ≤ y if and only if x ⊓ y = x
for all x, y ∈ D then P(D) := (D,≤) is a downward directed poset, the so-called poset
induced by D. Though the assignment P 7→ D(P) is not unique, we have P(D(P)) = P
for every downward directed poset P. Sometimes we consider posets and commutative
meet-directoids together with a unary operation. Let (D,⊓, ′) be a commutative meet-
directoid (D,⊓, ′) with an antitone involution. W e define
x ⊔ y := (x′ ⊓ y′)′ for all x, y ∈ D.
Then ⊔ is also idempotent, commutative and weakly associative and we have for all
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x, y ∈ D
x ⊔ y = x ∨ y if x, y are comparable,
x ⊔ y = y ⊔ x ∈ U(x, y) if x ‖ y,
x ⊓ y = x if and only if x ⊔ y = y,
L(x) = {z ⊓ x | z ∈ P},
U(x) = {z ⊔ x | z ∈ P},
L(x, y) = {(z ⊓ x) ⊓ (z ⊓ y) | z ∈ P},
U(x, y) = {(z ⊔ x) ⊓ (z ⊔ y) | z ∈ P}.
Posets with an antitone involution can be characterized in the language of commutative
meet-directoids by identities as follows.
Lemma 4.1. Let P = (P,≤, ′) be a downward directed poset with a unary operation and
D(P) an assigned meet-directoid. Then P is a poset with an antitone involution if and
only if D(P) satisfies the identities
(1) x′′ ≈ x,
(2) (x ⊓ y)′ ⊓ y′ ≈ y′.
Proof. Condition (1) is evident by definition. Further, the following are equivalent:
(2),
x′ ⊓ y′ = y′ for all x, y ∈ P with x ≤ y,
y′ ≤ x′ for all x, y ∈ P with x ≤ y,
′ is antitone.
Now we characterize pseudo-Kleene posets by identities of an assigned commutative meet-
directoid.
Theorem 4.2. Let P = (P,≤, ′) be a downward directed poset with a unary operation
and D(P) an assigned meet-directoid. Then P is a pseudo-Kleene poset if and only if
D(P) satisfies identities (1) – (3):
(3) (z ⊓ x) ⊓ (z ⊓ x′) ≤ (w ⊔ y) ⊔ (w ⊔ y′).
Proof. It is easy to check that (3) is equivalent to L(x, x′) ≤ U(y, y′) for all x, y ∈ P .
Applying Lemma 4.1 completes the proof.
In order to characterize Kleene posets in a similar way we need to capture distributivity
of posets in the language of commutative meet-directoids.
Theorem 4.3. Let P = (P,≤, ′) be a downward directed poset with a unary operation and
D(P) an assigned meet-directoid. Then P is a Kleene poset if and only if D(P) satisfies
identities (1) – (3) and implication (4):
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(4) w⊓ ((t⊔x)⊔ (t⊔y)) = w⊓z = w and s⊔ ((t⊓x)⊓ (t⊓z)) = s⊔ ((t⊓y)⊓ (t⊓z)) = s
for all t ∈ P imply w ≤ s.
Proof. Since
U(x, y) = {(t ⊔ x) ⊔ (t ⊔ y) | t ∈ P},
w ⊓ u = w is equivalent to w ∈ L(u),
w ⊓ ((t ⊔ x) ⊔ (t ⊔ y)) = w ⊓ z = w is equivalent to w ∈ L(U(x, y), z). Further, since
L(x, z) = {(t ⊓ x) ⊓ (t ⊓ z) | t ∈ P},
L(y, z) = {(t ⊓ y) ⊓ (t ⊓ z) | t ∈ P},
s ⊔ u = s is equivalent to s ∈ U(u),
s ⊔ ((t ⊓ x) ⊓ (t ⊓ z)) = s ⊔ ((t ⊓ y) ⊓ (t ⊓ z)) = s is equivalent to s ∈ U(L(x, z), L(y, z)).
Hence the following are equivalent:
(4),
w ∈ L(U(x, y), z) and s ∈ U(L(x, z), L(y, z)) imply w ≤ s,
L(U(x, y), z) ⊆ LU(L(x, z), L(y, z)),
P is distributive.
Applying Theorem 4.2 completes the proof.
Let us note that the class of all directoids assigned to downward directed pseudo-Kleene
posets forms a variety due to Theorem 4.2. As shown in [3] and [2], every variety of
directoids with an antitone involution is congruence distributive.
Definition 4.4. A strong pseudo-Kleene poset is a poset (P,≤, ′) with an antitone in-
volution satisfying
(S) x ‖ y implies L(x, x′) = L(y, y′).
Lemma 4.5. Let P = (P,≤, ′) be a strong pseudo-Kleene poset. Then P is a pseudo-
Kleene poset.
Proof. Let a, b ∈ P .
If a ≤ b then L(a, a′) ≤ a ≤ b ≤ U(b, b′).
If b ≤ a then a′ ≤ b′ and hence L(a, a′) ≤ a′ ≤ b′ ≤ U(b, b′).
If a ‖ b then L(a, a′) = L(b, b′) ≤ U(b, b′).
Example 4.6. The poset visualized in Figure 6 is a strong pseudo-Kleene poset which is
not a lattice and hence not a pseudo-Kleene algebra:
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We are going to determine the class of directoids assigned to strong pseudo-Kleene posets.
Theorem 4.7. Let P = (P,≤, ′) be a downward directed poset with a unary operation
and D(P) an assigned meet-directoid. Then P is a strong pseudo-Kleene poset if and only
if D(P) satisfies identities (1) and (2) and implication (5):
(5) x 6= x ⊓ y 6= y and x ⊓ z = x′ ⊓ z = z imply y ⊓ z = y′ ⊓ z = z.
Proof. Since
x ⊓ y = x is equivalent to x ≤ y,
x ⊓ y = y is equivalent to y ≤ x
we have that x 6= x ⊓ y 6= y is equivalent to x ‖ y. Further, since
x ⊓ z = x′ ⊓ z = z is equivalent to z ∈ L(x, x′),
y ⊓ z = y′ ⊓ z = z is equivalent to z ∈ L(y, y′),
the following are equivalent:
(5),
x ‖ y and z ∈ L(x, x′) imply z ∈ L(y, y′),
x ‖ y implies L(x, x′) ⊆ L(y, y′),
x ‖ y implies L(x, x′) = L(y, y′).
Applying Lemma 4.1 completes the proof.
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The following concept will be used in the sequel.
Definition 4.8. A strict pseudo-Kleene poset is a bounded poset (P,≤, ′) with an antitone
involution satisfying
x, y 6= 0, 1 implies L(x, x′) = L(y, y′).
A strict Kleene poset is a distributive strict pseudo-Kleene poset.
Obviously, every strict pseudo-Kleene poset is a strong pseudo-Kleene poset and hence a
pseudo-Kleene poset according to Lemma 4.5, but not conversely (see Example 4.6 where
L(a, a′) = a 6= b = L(b, b′)).
Of course, every Boolean poset, i.e. every bounded distributive poset where the antitone
involution which is a complementation (i.e. L(x, x′) ≈ {0} and U(x, x′) = {1}), is a strict
Kleene poset. In the next example we show a strict Kleene poset which is not Boolean.
Example 4.9. The poset visualized in Figure 7 is a strict Kleene poset which is not a
lattice and hence not a Kleene algebra:
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Analogously as above, also strict pseudo-Kleene posets and strict Kleene posets can be
characterized by means of properties of assigned meet-directoids.
Theorem 4.10. Let P = (P,≤, ′) be a downward directed poset with a unary operation
and D(P) an assigned meet-directoid. Then the following hold:
(i) P is a strict pseudo-Kleene poset if and only if D(P) satisfies identities (1) and (2)
and implication (6):
(6) x, y /∈ {0, 1} and x ⊓ z = x′ ⊓ z = z imply y ⊓ z = y′ ⊓ z = z.
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(ii) P is a strict Kleene poset if and only if D(P) satisfies identities (1) and (2) and
implications (4) and (6).
Proof.
(i) The following are equivalent:
(6),
x, y /∈ {0, 1} and z ∈ L(x, x′) imply z ∈ L(y, y′),
x, y /∈ {0, 1} implies L(x, x′) ⊆ L(y, y′),
x, y /∈ {0, 1} implies L(x, x′) = L(y, y′).
Applying Lemma 4.1 completes the proof.
(ii) This follows from (i) and the proof of Theorem 4.3.
5 Residuation in Kleene posets
In the study of non-classical logics we prefer to have a logical connective implication which
enables deduction, i.e. to derive new propositions from given ones. The question arises
how to define implication in the logic based on pseudo-Kleene posets and Kleene posets.
Usually implication is considered to be well-behaved if it is related with conjunction by
means of adjointness.
In the following we will study residuation in strict pseudo-Kleene posets. Contrary to
the case of lattices, ⊙ and → cannot be binary operations, they are only operators, i.e.
mappings from P 2 to 2P . We extend ⊙ to (2P )2 by defining
A⊙ B :=
⋂
x∈A,y∈B
(x⊙ y)
for all A,B ⊆ P .
Definition 5.1. A Kleene residuated poset is an ordered six-tuple (P,≤,⊙,→, 0, 1)
where (P,≤, 0, 1) is a bounded strict pseudo-Kleene poset and ⊙ and → are mappings
from P 2 to 2P satisfying the following conditions for all x, y, z ∈ P :
• x⊙ y ≈ y ⊙ x,
• x⊙ 1 ≈ 1⊙ x ≈ L(x),
• (x⊙ y)⊙ z ≈ x⊙ (y ⊙ z),
• x⊙ y ≤ z if and only if x ≤ y → z (adjointness).
Let (P,≤, ′) be a poset with an antitone involution. Define mappings ⊙ and → from P 2
to 2P as follows:
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(R) x⊙ y :=
{
0 if x ≤ y′,
L(x, y) otherwise
x→ y :=
{
1 if x ≤ y,
U(x′, y) otherwise
Theorem 5.2. Let (P,≤, ′, 0, 1) be a bounded strict Kleene poset satisfying
(7) L(x, y) 6= 0 for all x, y ∈ P \ {0}
and let ⊙ and → be defined by (R). Then (P,≤,⊙,→, 0, 1) is a Kleene residuated poset.
Proof. Let a, b, c ∈ P . One can easily see that x ⊙ 0 ≈ 0 ⊙ x ≈ 0. Since 0 ∈ L(x, y) for
all x, y ∈ P and therefore 0 ∈ x ⊙ y for all x, y ∈ P , we have 0 ∈ a ⊙ b and 0 ∈ b ⊙ c
and hence (a ⊙ b) ⊙ c = 0 = a ⊙ (b ⊙ c) proving associativity of ⊙. Because a ≤ b′ is
equivalent to b ≤ a′ and, moreover, L(a, b) = L(b, a), ⊙ is commutative. Further,
if a = 0 then a⊙ 1 = 0 = L(0) = L(a),
if a 6= 0 then a⊙ 1 = L(a, 1) = L(a).
The rest follows by commutativity of ⊙. We consider the following cases:
• a ≤ b′ and b ≤ c.
Then a⊙ b = 0 ≤ c and a ≤ 1 = b→ c.
• a ≤ b′ and b 6≤ c.
Then a⊙ b = 0 ≤ c and a ≤ b′ ≤ U(b′, c) = b→ c.
• a 6≤ b′ and b ≤ c.
Then a⊙ b = L(a, b) ≤ b ≤ c and a ≤ 1 = b→ c.
• a 6≤ b′, b 6≤ c and a = 1.
Then a ⊙ b = L(a, b) = L(1, b) = L(b) 6≤ c. Moreover, b, c′ 6= 0 and therefore
b→ c = U(b′, c) = (L(b, c′))′ 6= 0′ = 1 according to (7) whence a = 1 6≤ b→ c.
• a 6≤ b′, b 6≤ c and b = 1.
Then the following are equivalent:
a⊙ b ≤ c,
L(a, b) ≤ c,
L(a, 1) ≤ c,
L(a) ≤ c,
a ≤ c,
a ≤ U(c),
a ≤ U(0, c),
a ≤ U(b′, c),
a ≤ b→ c.
• a 6≤ b′, b 6≤ c and c = 0.
Then a, b 6= 0 and therefore a⊙ b = L(a, b) 6= 0 according to (7) whence a⊙ b 6≤ c.
Moreover, a 6≤ U(b′) = U(b′, 0) = U(b′, c) = b→ c.
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• a 6≤ b′, b 6≤ c, a, b 6= 1 and c 6= 0.
Then a, b, c 6= 0, 1. If a⊙ b ≤ c then
b→ c = U(b′, c) ⊆ U(b′, a⊙ b) = U(b′, L(a, b)) = UL(U(b′, a), U(b′, b)) =
= UL(U(b′, a), U(a′, a)) ⊆ ULU(a) = U(a)
and hence a ≤ b→ c. If, conversely, a ≤ b→ c then
a⊙ b = L(a, b) ⊆ L(b→ c, b) = L(U(b′, c), b) = LU(L(b′, b), L(c, b)) =
= LU(L(c′, c), L(c, b)) ⊆ LUL(c) = L(c)
and hence a⊙ b ≤ c.
This shows that in any case a⊙ b ≤ c is equivalent to a ≤ b→ c.
Remark 5.3. It seems to be impossible to generalize Theorem 5.2 in such a way that the
assumption of distributivity is replaced by the weaker assumption of modularity. If, e.g.,
L(x, y) and U(x′, y) in (R) are replaced by L(U(x, y′), y) and U(x′, L(x, y)), respectively,
then adjointness cannot be proved in the last case considered in the proof of Theorem 5.2.
As it is usual in logics satisfying the double negation law, the connectives conjunction
(i.e. ⊙) and implication (i.e. →) can be derived one by the other by means of involution.
Theorem 5.4. Let P = (P,≤, ′, 0, 1) be a bounded poset with an antitone involution, ⊙
and → defined by (R) and a, b ∈ P . Then the following hold:
(i) a⊙ b = (a→ b′)′,
(ii) a→ b = (a⊙ b′)′.
If, moreover, P satisfies (7) then
(iii) a⊙ b = 0 if and only if a ≤ b′,
(iv) a→ b = 1 if and only if a ≤ b.
If, moreover, P is a strict Kleene poset (not necessarily satisfying (7)) then
(v) If a ≤ b and L(a′, b) = 0 then a = b.
Proof.
(i)
If a ≤ b′ then a⊙ b = 0 = 1′ = (a→ b′)′,
if a 6≤ b′ then a⊙ b = L(a, b) = (U(a′, b′))′ = (a→ b′)′,
(ii) According to (i) we have a→ b = (a→ b′′)′′ = (a⊙ b′)′.
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(iii)
If a ≤ b′ then a⊙ b = 0 by definition,
if a 6≤ b′ then a, b 6= 0 and hence a⊙ b = L(a, b) 6= 0 according to (7).
(iv) According to (ii) and (iii) the following are equivalent:
a→ b = 1,
(a⊙ b′)′ = 1,
a⊙ b′ = 0,
a ≤ b.
(v)
If a = 0 then L(b) = L(1, b) = L(a′, b) = 0 and hence a = 0 = b,
if a = 1 then b = 1 because of a ≤ b and hence a = 1 = b,
if b = 0 then a = 0 because of a ≤ b and hence a = 1 = b,
if b = 1 then L(a′) = L(a′, 1) = L(a′, b) = 0 and hence a′ = 0, i.e. a = 1 = b,
if a, b 6= 0, 1 then U(a) = U(0, a) = U(L(a′, b), a) = UL(U(a′, a), U(b, a)) =
= UL(U(b′, b), U(b)) = ULU(b) = U(b) which implies a = b.
6 Twist construction
Now we show how to construct pseudo-Kleene posets and Kleene posets from posets and
distributive posets, respectively. We embed an arbitrary given poset into a pseudo-Kleene
poset by using the so-called twist construction known already for distributive lattices.
For an arbitrary poset Q = (Q,≤) and an arbitrary element a of Q we define
Pa(Q) := {(x, y) ∈ Q
2 | L(x, y) ≤ a ≤ U(x, y)}.
Let p1 and p2 denote the first and second projection from Pa(Q) to Q, respectively. In
Pa(Q) we introduce a binary relation ≤ and a unary operation
′ as follows:
(x, y) ≤ (z, v) :⇔ x ≤ z and y ≥ v,
(x, y)′ := (y, x).
Put Pa(Q) := (Pa(Q),≤,
′).
Theorem 6.1. Let Q = (Q,≤) be a poset and a ∈ Q. Then the following hold:
(i) Pa(Q) is a pseudo-Kleene poset with fixed point (a, a),
(ii) the mapping x 7→ (x, a) is an embedding of Q into Pa(Q),
(iii) Q is distributive if and only if Pa(Q) is a Kleene poset.
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Proof. Let (b, c), (d, e), (f, g) ∈ Pa(Q) and h, i ∈ Q. It is easy to show that
L(A) = L(p1(A))× U(p2(A)),
U(A) = U(p1(A))× L(p2(A))
for all A ⊆ Pa(Q).
(i) Clearly, Pa(Q) is a poset with an antitone involution and fixed point (a, a). Accord-
ing to (i),
L((b, c), (c, b)) = L(b, c)× U(b, c) ≤ (a, a) ≤ U(d, e)× L(d, e) = U((d, e), (e, d)).
(ii) We have (h, a), (i, a) ∈ Pa(Q). Moreover, (h, a) ≤ (i, a) if and only if h ≤ i.
(iii) Using (i), we obtain
L(U((b, c), (d, e)), (f, g)) ≈ L(U(b, d)× L(c, e), (f, g)) ≈
≈ L(U(b, d), f)× U(L(c, e), g),
LU(L((b, c), (f, g)), L((d, e), (f, g))) ≈ LU(L(b, f) × U(c, g), L(d, f)× U(e, g)) ≈
≈ L(U(L(b, f), L(d, f))× L(U(c, g), U(e, g))) ≈
≈ LU(L(b, f), L(d, f))× UL(U(c, g), U(e, g)).
It is well-known (see e.g. [10]) that for an arbitrary distributive lattice Q the constructed
poset Pa(Q) is a Kleene algebra. We have shown that this construction can be extended
to arbitrary posets.
Example 6.2. If Q is the poset (Q,≤) visualized in Figure 8:
✉
✉
✉ ✉
❆
❆
❆
❆
✁
✁
✁
✁
0
a
b c
Fig. 8
then Pa(Q) is the pseudo-Kleene poset shown in Figure 9
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(0, c) (0, b)
(0, a)
(a, c)
(b, c)
(a, b)
(c, b)(a, a)
(b, a) (c, a)
(a, 0)
(b, 0) (c, 0)
Fig. 9
which is neither a pseudo-Kleene algebra nor a Kleene poset since
L(U((a, c), (0, a)), (a, b)) = L(U((a, a)), (a, b)) = L((a, a), (a, b)) = {(0, b), (a, b)} 6=
6= {(0, b)} = L(Pa(Q) \ {(0, c), (a, c), (b, c)}) = LU((0, b)) =
= LU(L((a, c), (a, b)), L((0, a), (a, b))).
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